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a b s t r a c t
In this paper we study graph embeddings in pseudosurfaces formed by three spheres
sharing at most two points each pair, and in such a way that all vertices in the graph are in
the same face. Our results and examples show that the behaviour of outer embeddings
in these pseudosurfaces is rather different from embeddings on the pseudosurfaces
considered in the literature so far.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A pseudosurface is a Hausdorff topological space such that each point has a neighborhood homeomorphic either to the
open disk {x ∈ R2 : d(x, (0, 0)) < 1} or to the union in that point of a finite set of open disks. So, pseudosurfaces are
surfaces, except for certain points, which we will call singular points. We deal with the less complicated pseudosurfaces, the
ones having a finite set of singular points.
As well as in the Spindle Surface (B1, of [1,4]) and the Bananas Surface (B2, of [5,12]), graphs admitting particular
embeddings in other pseudosurfaces have already been analyzed (see [7,6,9], for instance). The more in-depth studied
pseudosurfaces (except for B1) have the common feature of allowing a description in terms of spheres (cells) joined at a finite
set of points. In themost studied cases, each sphere contained exactly two such points. Examples include: the pseudosurface
B2, obtained when contracting each of two different meridians of the torus to a simple point; B3, which is a generalization
of B2 with three spheres and three singular points, obtained when contracting three different meridians of a torus to three
different points; and L3, also formed by three spheres but with two singular points only, and exactly two singular points in
each cell [6].
This raises the problem of possible extensions of the study of embeddability of graphs in other pseudosurfaces arising
from spheres. In fact, B2 is a remarkable example of pseudosurface because there are infinitely manyminor-minimal graphs
that do not embed on it [12], showing that there is no analogue of the Kuratowski Theorem on B2. In contrast with this, the
set of all minimally non-embeddable graphs on B2 of connectivity at most 2 is known [3]. For completeness, we remark that
all pseudosurfaces admitting a Kuratowski-type characterization of embeddability have been classified in [9].
In the planar case, several restrictions of embeddings have been considered, including outerplanarity, which also admits
a Kuratowski-type characterization [8]. The obvious generalization of this concept to other surfaces and pseudosurfaces is
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to require that all vertices of an embedded graph appear on the boundary of a single face. Such outer-embeddable graphs on
non-planar surfaces have already been studied (cf. [6]).
In this paper, we deal with three pseudosurfaces (which we call T1, T2 and T3) constituted by only three spheres each,
and we study the graphs allowing an embedding in each Ti (i = 1, 2, 3) with all its vertices lying on the boundary of one
distinguished face (a connected component of the topological complementary ofG’s embedding). After this Introduction and
some previous results, wemanage to give a Kuratowski-type characterization for the outer-T1 graphs. Later we describe the
outer-T2 graphs, and finally we give some properties on the outer-T3 graphs. Although a complete characterization is not
possible for this last case yet, we think the future classification of the 3-outerplanar graphs will allow the full consecution of
the objectives pursued in this work: the characterization of the outer-embeddable graphs in all the pseudosurfaces arising
from three spheres.
2. Pseudosurfaces constituted by three spheres
2.1. Previous results
The outer-embeddable graphs in the union of three spheres sharing one single point are the outerplanar graphs (which
are the outer-S2 or outer-spherical graphs). Besides, if one sphere meets another two spheres in exactly one point each, the
outer-embeddable graphs in the chain constituted by the three spheres are still the outerplanar graphs.
Now let us consider pseudosurfaces obtained when identifying pairs of points of different spheres, admitting that
different spheres cannot be joined between themselves at more than two points. Obviously, B3 and L3 (whose outer-
embeddable graphs were characterized in [6]) are pseudosurfaces of this type, but they are not unique. We think the most
interesting of these pseudosurfaces are those arising from B2 by attaching one more sphere to it in such a way that the new
sphere meets B2 in exactly two distinct points. L3 is obtained when the sphere meets B2 in its two singular points, and there
are threemore ways to add one sphere to B2 using two points, wewill describe these three pseudosurfaces later andwewill
call them Ti (i = 1, 2, 3). To study the outer-Ti graphs, we will make use of some previous results.
Fromnowon,we use the letterG to denote a generic embedded graphG = (V (G), E(G)), and P ∈ G should be understood
that either P is a vertex in V (G) or P belongs to the inner of an edge in E(G). A graph is said to be n-outerplanar if it admits
a planar embedding with all its vertices in less than n+ 1 faces (this concept was considered for the first time in [2]). Apart
from that, we will use the classical notation in Graph Theory (as in [10]).
Lemma 1. Let G1 and G2 be two 2-outerplanar graphs. Then, G = G1 ∪ G2 is 3-outerplanar.
Proof. It is immediate to give an embedding of Gi (i ∈ {1, 2}) in which all the vertices lie in the external face and in another
one. This induces another of Gwith all the vertices in at most three faces. 
Lemma 2. The union in a vertex of two 2-outerplanar graphs is 3-outerplanar.
Proof. By choosing both planar embeddings, in which the vertices to identify are in the external face, the proof is
completed. 
From these results and from the ones obtained in [6] about outer-L3 graphs, we deduce:
Lemma 3. If G is outer-L3, then G is 3-outerplanar.
Proof. According to [6, Theorem3.7] (which characterizes outer-L3 graphs),G is planar and has atmost two non-outerplanar
connected components. We will show that it is 3-outerplanar in all of the possible cases:
• If the two singular points of L3 are in G, all the vertices are in a cell, and G minus the potential edge which could be in
another cell is outerplanar. So, G is outer-B2 (2-outerplanar) and therefore 3-outerplanar.• If only one of the singular points of L3 (let us suppose that this is P1) is in G and G is not outerplanar, the other singular
point (P2) is in the face, in which all the vertices of G are. Then, in at most two cells there are non-outerplanar blocks of
G, but these are outerplanar except, at most, for a vertex in P1. In the other cell, another unique outerplanar block can
exist. So, G is 3-outerplanar, according to Lemma 2.
• If none of the singular points of L3 is in G, then only two of the cells can have non-outerplanar connected components
(because there are only three cells) and they have to be 2-outerplanar (because there are only two singular points in each
cell). So, according to Lemma 1, the assertion holds. 
Unfortunately, the obtention of an obstruction set under minor order for 3-outerplanarity is an open problem (see [1]).
We still need another property, which is related to outerplanar graphs:
Lemma 4. Let G = (V , E) be an outerplanar graph. If x, y, z ∈ V , then (V , E ∪ {xy, xz}) is 3-outerplanar.
Proof. As G is outerplanar, there exists an embedding in which x, y and z are in the same face. If the edge xy is added, then
a 2-outerplanar embedding of (V , E ∪ {x, y}) is obtained in which x belongs to two faces and all the vertices are in at least
one of them. So, the inclusion of the edge xz is possible without modifying the embedding and by keeping all the vertices in
three faces. 
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Fig. 1. Pseudosurface T1 , with three spheres and three singular points.
2.2. Three singular points
Now we deal with graphs admitting an outer embedding in pseudosurfaces constituted by only three spheres, by giving
some characterizations of them.
Let T1 be the pseudosurface of Fig. 1. T1 is constituted by three spheres sharing three singular points, whichwewill denote
by P1, P2 and P3. We call the one with three singular points the distinguished cell, and the other two the non-distinguished
cells (respectively, P1 and P2 for one of the cells and P1 and P3 for the other one).
Theorem 5. G is outer-T1 if and only if G is 3-outerplanar.
Proof. ⇐ G admits an embedding in S2 having all its vertices in three faces. A straightforward procedure to obtain an outer-
T1 embedding of G is the following:
We suppose that the graph is drawn in the distinguished cell and choose an arbitrary point in the inner of each face if
the sphere: P1, P2 and P3. We join a sphere to the former one at P1 and P2, and another at P1 and P3.
⇒We start from an outer-T1 embedding of G in which all its vertices are in the same face, F . Without loss of generality
we can suppose that G has neither outerplanar components nor outerplanar blocks. By taking into consideration that P2 and
P3 play the same role, six disjoint situations can be considered:
1. P1, P2, P3 ∈ G. F is included in a cell, so G is outerplanar except, at most, for two edges which can partially or totally be
in other cells. In the worst case, when both edges appear, they must be actually incident in P1. Then G is 3-outerplanar
according to Lemma 4.
2. P1, P2 ∈ G, P3 ∉ G. By the partial contraction of an edge, if necessary, P1 can be considered a vertex of G. If all the vertices
of G are in the non-distinguished cell in which P2 is located, the graph is outerplanar except for the edge P1P2, and thus G
is 2-outerplanar. Therefore, except for one edge, it can be supposed that G does not use this non-distinguished cell (the
one containing P2). We call ς to the other non-distinguished cell (the one corresponding to P3). Depending on whether
P3 belongs to F , we distinguish:
(a) If P3 ∉ F , ς can be eliminated and we obtain an outer-B2 embedding of G. So G is 2-outerplanar [6], and thus 3-
outerplanar.
(b) If P3 ∈ F and the subgraph of G drawn in ς is outerplanar, G is outer-B2 (so, it is 2-outerplanar) except for this
subgraph, which is exactly the vertex in P1, because G has not either outerplanar components or outerplanar blocks.
If the subgraph of G embedded in ς is not outerplanar, then G is the union at a point of an outer-B2 graph (which is
therefore 2-outerplanar) with another one, which is also 2-outerplanar. So, Lemma 2 implies that G is 3-outerplanar.
3. P1 ∉ G, P2, P3 ∈ G. It is convenient to distinguish two subcases:
(a) If P1 is not in F , F must be included in the distinguished cell, so Gwould be outerplanar.
(b) If P1 is in F , P1 can be intuitively divided into three different points, obtaining an embedding of G in S2 with all its
vertices in 3 faces (corresponding to the three cells of T1).
4. P1 ∈ G, P2, P3 ∉ G. We distinguish again two possibilities:
(a) If P2 and P3 are in the same face, there exists a curve between them and inside both the face and the distinguished
cell. By contracting such an arc, we obtain an outer-L3 embedding of G. So, G is 3-outerplanar, according to Lemma 3.
(b) If P2 and P3 are not in the same face, at least one of them is not in F . The non-distinguished cell in which such a
singular point is, can be suppressed without affecting the outer-T1 embedding of G. So, an outer-B2 embedding of G
is obtained, which implies that G is 2-outerplanar, and thus 3-outerplanar.
5. P1, P2 ∉ G, P3 ∈ G. Let G1 denote the subgraph of G which is in the non-distinguished cell of P3, and let G2 denote the
subgraph of G which is in the other two cells. We can suppose that P3 is simultaneously a vertex of G1 and G2. G1 is not
outerplanar, but it is 2-outerplanar (including P3), and all the vertices of G2 (including P3) are in the same face of an
outer-B2 embedding. Then, G is 3-outerplanar, according to Lemma 2.
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Fig. 2. Pseudosurface T2 , with three spheres and four singular points.
6. P1, P2, P3 ∉ G. Then G = G1 ∪ G2 ∪ G3. Let G1 and G2 denote the union of the connected components which are in each
of the non-distinguished cells, respectively (so, G3 is embedded in the distinguished cell). As each non-distinguished cell
has two singular points, G1 and G2 are necessarily 2-outerplanar. We study two subcases:
(a) If Gi is not empty for i = 1 or i = 2, by suppressing the cell in which Gi is embedded, the rest of the graph is obviously
outer-B2. So, G is the disjoint union of two 2-outerplanar graphs, and thus it is 3-outerplanar, according to Lemma 1.
(b) On the contrary, if G1 and G2 are empty, we have to prove that G3 is 3-outerplanar. But G3 is a graph admitting a
planar embedding in the distinguished cell and having all its vertices in the faces where P1, P2 and P3 are respectively
located. 
Two immediate consequences can be deduced from this Theorem 5, by using [1,11], respectively:
Corollary 6. The graphs having an outer-T1 embedding admit a forbidden minor characterization. 
Corollary 7. The set of forbidden topological minors for the outer-T1 embeddings is finite. 
In the next section we study another type of pseudosurface constituted of three spheres in which outer graphs can also
be studied.
2.3. Four singular points in the same cell
Let T2 be the pseudosurface of Fig. 2. T2 is formed by three spheres joined at four singular points, denoted by P1, P2, P3 and
P4. The distinguished cell is the one having four singular points. The non-distinguished cells have exactly two singular points,
each: P1 and P2 belong to one of them, and P3 and P4 to the other.
Proposition 8. If G is 3-outerplanar, then it is outer-T2.
Proof. G admits an embedding in S2 with all its vertices in three faces. To give an outer-T2 embedding, we choose two points
in the inner of one of the faces and we denote them by P1 and P3. Next, we choose a point in the inner of each of the other
two faces, and we denote them by P2 and P4, respectively. Finally, we add two spheres: one meeting the former in P1 and P2,
and another one in P3 and P4. 
Note that the converse is not true. Indeed, there exist non-planar graphs admitting outer embeddings in T2, as we show
in the following particular case:
Example 9. K3,3 is not 3-outerplanar because it is not planar. However, Fig. 3 shows an outer-T2 embedding of K3,3. 
Some restrictions about the type of embedding in T2 allow us to get some partial results, which will be deduced later.
However, we need such restrictions and we cannot replace them with other hypotheses related to the planarity of G. The
reason is that there exist planar, non-3-outerplanar graphs admitting outer embeddings in T2:
Example 10. The graph of Fig. 4 (left) is 2-connected. Therefore, all its planar embeddings may be considered as equivalent
up to Whitney’s 2-flip. So, it is immediate to check that such a graph is not 3-outerplanar, because no combination of three
of its faces touches all its vertices. However, Fig. 4 (right) shows an outer-T2 embedding of the graph. 
Inspired by the embedding shown in this Example 10, we obtain:
Proposition 11. In every outer-T2 embedding of a non-3-outerplanar graph, the two singular points of one of the non-
distinguished cells of T2 belong to the graph.
Proof. Let us consider that G is an outer-T2 graph, which admits an outer-T2 embedding such that any non-distinguished
cell of T2 has at most one singular point in G. Let F be the face where all the vertices of G are. By analyzing all the possible
cases, we will see that, under these hypotheses, G is 3-outerplanar:
1. Both non-distinguished cells have a singular point in G and the other one out of G. Let us suppose, for example, that
P1 ∉ G, P2 ∈ G, P3 ∉ G and P4 ∈ G. There are two possibilities here:
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Fig. 3. Outer-T2 embedding of K3,3 .
Fig. 4. Outer-T2 embedding of a non-3-outerplanar graph.
(a) If P1 and P3 are both in the face F , there exists an arc from P1 to P3 in this face and inside the distinguished
cell. By contracting such an arc, we have an outer-T1 embedding of G, so G is 3-outerplanar, according to
Theorem 5.
(b) If P1 is not in F (the same applies to P3), in the non-distinguished cell of P1 there is nothing of G except for P2. By
suppressing this cell, we have an outer-B2 embedding of G, and thus G is 2-outerplanar.
2. A non-distinguished cell has none of its two singular points in G and the other non-distinguished cell has one singular
point in G and the other out of G. This case is similar to the previous one.
3. Pi ∉ G∀i ∈ {1, 2, 3, 4}. Then, G = G1 ∪ G2 ∪ G3 with G1 embedded in the distinguished cell and G2 and G3 in the other
two cells (each Gi can be empty or not). We distinguish two subcases:
(a) If either G2 or G3 are not outerplanar, G is the disjoint union of an outer-B2 graph and another graph which is also
2-outerplanar (Lemma 1).
(b) On the contrary, G is the disjoint union of outerplanar components and G1. In the distinguished cell, four different
faces cannot be communicatedwith only four singular points belonging to two different spheres, so P1, P2, P3 and P4
are in three faces which include all the vertices of G1. So, G is 3-outerplanar. 
To say something more about outer-T2 graphs, a preliminary lemma is needed:
Lemma 12. Let G be a 2-outerplanar graph and let x and y be two of its vertices. If G+ xy is planar, then G+ xy is 4-outerplanar.
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Fig. 5. Pseudosurface T3 , with three spheres and four singular points.
Proof. Let us consider a 2-outerplanar embedding of G. If G is outerplanar, or if x and y are adjacent or on a common face in
this embedding, the result is immediate. On the contrary, we call Fx and Fy to two faces where all the vertices lie, in such a
way that x is in Fx and y is in Fy.
If x and y belong to two different components of G, as G can only have one non-outerplanar component, we can suppose
that the component of y is outerplanar and can be embedded in Fx allowing a new edge xy in a 2-outerplanar embedding of
G+ xy.
We can therefore suppose that x and y belong to the unique component of G, which is non-outerplanar. Similarly, as G
can only have one non-outerplanar block, we can suppose that x and y belong to that non-outerplanar block.
If x and y are in the same 2-block, the result is easy, since all the embeddings of a 3-connected graph are equivalent.
Consequently, if x and y are not in the same face, G+ xy is not planar.
Hence, we suppose that x and y are in two different 2-blocks, and there exists a 2-vertex cut separating x and y.
If x and y cannot respectively be on faces containing simultaneously these two vertices (the ones in the 2-vertex cut),
G+ xy is not planar. On the contrary, there are two faces, D1 and D2, containing this 2-vertex cut and one of the vertices (x
and y) each, and we distinguish three cases:
1. If D1 ≠ Fx and D2 ≠ Fy, we can change the embedding of the 2-blocks to have x and y in the same face, different from Fx
and Fy, and add the new edge, concluding that G+ xy is 2-outerplanar.
2. If D1 = Fx and D2 ≠ Fy (or D1 = Fy and D2 ≠ Fx), we can choose another embedding of G in which one face contain x and
y, and with all the vertices in three faces, so G+ xy is 4-outerplanar.
3. If {D1,D2} = {Fx, Fy}, then G+ xy is 3-outerplanar. 
Proposition 13. If G is a planar and outer-T2 graph, then G is 4-outerplanar.
Proof. In the proof of Proposition 11, we have the embeddings of G in which the 3-outerplanarity can be deduced. Then
there is only one case to study: when a non-distinguished cell of T2 has its two singular points in G. For example, let us
consider Pi ∈ Gwith i ∈ {1, 2}. Except, eventually, for an edge, there is an outer embedding of G either in S2 or in B2. In both
cases, Gminus an edge is 2-outerplanar and thus, when adding this edge, G is 4-outerplanar, according to Lemma 12. 
Note that, taking into consideration the previous results, the following consequence, which is not exclusive for planar
graphs, can be easily deduced:
Theorem 14. Let G be a graph. Then, the following two statements are equivalent:
1. G is outer-T2.
2. G is 3-outerplanar or G minus an edge is 2-outerplanar.
Proof. 1⇒ 2 Let G be an outer-T2 graph. If G is 3-outerplanar, the result is obvious. If it is not, according to Proposition 11,
an outer-T2 embedding of G has the two singular points of one of the non-distinguished cells. But it is not possible to draw
vertices in this cell except for its singular points. So G minus the edge connecting both singular points is outer-B2, which
implies that it is 2-outerplanar.
2⇒ 1 If G is 3-outerplanar, Proposition 8 guarantees that it is also outer-T2. In the other case, Gminus an edge xy admits
an embedding in S2 with all its vertices in two faces. We choose two points in these faces to add one sphere and another
one can be added, meeting the pseudosurface at x and y. 
2.4. Four singular points, not in the same cell
The pseudosurface T3 is obtained from B2 by adding a new sphere meeting each former cell in exactly one singular
point, so it is constituted by three spheres and four singular points, which we will denote by P1, P2, P3 and P4 (Fig. 5). The
distinguished cell is the one which has two singular points, which will be P3 and P4, and the non-distinguished cells are those
having three, which are P1, P2 and, besides, P3 or P4, respectively.
Proposition 15. Every 3-outerplanar graph is outer-T3.
Proof. Let us consider a graph admitting an embedding in S2 (first cell) with all its vertices in three faces, and let P1, P2 and
P3 denote, respectively, points in the inner of these three faces. Now, one sphere meets the former cell, in P1 and P2. Finally,
a third cell meets the first cell in P3 and the second sphere in any non-singular point. 
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Fig. 6. Outer-T3 embedding of a planar and a non-3-outerplanar graph.
Note that the converse of this result is not true, even in the case of planar graphs, as it can be observed:
Example 16. The graph in Fig. 6 (left) is outer-T3, in spite of being planar and not 3-outerplanar. No combination of three
of its faces has all the vertices in the planar embedding of the graph, which is unique because it is the subdivision of a
3-connected graph (see [13]). 
Similarly to the ones in T2, outer-T3 graphs admitting some restrictions can be characterized, but we need a previous
result, which we enunciate by using the following classical notation:
Given a graph G = (V , E) andW ⊆ V ,G is said to beW -outerplanar when it admits a planar embedding having all the
vertices ofW in one face.
Lemma 17. Let G = (V , E) be a (V \ {u})-outerplanar graph, with u ∈ V . Then, ∀v ∈ V \ {u},G admits a 2-outerplanar
embedding in which u and v are in the same face.
Proof. G can be seen as a polygon whose vertices are those of V \ {u} and with some diagonals and some edges incident in a
point u in the inner of the polygon. If u does not share a face with v, u is in a face in which one of the edges, d, is a diagonal of
the polygon which divides it into two parts: a polygon (G1) having u in its inner and another one (G2) in which v is a vertex.
It is possible to conveniently identify the edge d of both polygons making that the vertices of G2 are in the inner of G1. In this
way, a 2-outerplanar embedding of Gwith u and v being in the same inner face is obtained. 
Proposition 18. In every outer-T3 embedding of a non-3-outerplanar graph G, none of the singular points of the distinguished
cell of T3 belongs to G, whereas the other two singular points do belong to G.
Proof. We will take into consideration that P1 plays the same role as P2, and P3 the same as P4. Moreover, the outerplanar
blocks of G do not affect the content of the proof: they do not have influence on the 3-outerplanarity and they could be
relocated in any case, so we will get rid of them from now on.
Let us consider an outer-T3 embedding of G having all its vertices in the same face, F . The following possibilities are only
true for 3-outerplanar graphs, as we will see:
1. P3 ∈ G, P4 ∉ G (or vice versa). If P4 ∉ F , the distinguished cell can be suppressed, then G would be outer-B2 and,
consequently, 2-outerplanar. If, on the contrary, P4 ∈ F , then G is 2-outerplanar except, possibly, for the vertex belonging
to the distinguished cell. So, G is 3-outerplanar.
2. P1, P2, P3, P4 ∈ G. We have an outer-S2 embedding of G except for an edge which contains P4 and, possibly, another one
incident with it (the potential edge P1P2). But an outer-S2 graph is still 3-outerplanar if 2 edges which are incident in a
same vertex are added, according to Lemma 4.
3. P1, P2, P3, P4 ∉ G. G = G1 ∪ G2 ∪ G3 with Gi non-outerplanar, ∀i = 1, 2, 3,G1 in the distinguished cell, and G2 and G3,
respectively, in the non-distinguished ones.
(a) If G1 is not empty, G2 and G3 cannot be simultaneously non-outerplanar, so one of them is empty and there exists an
arc inside F and in a non-distinguished cell between a singular point of the distinguished cell (P3 or P4) and another
singular point out of the cell (P1 or P2). By contracting such an arc, an outer-T1 embedding of G is obtained, and thus
G is 3-outerplanar.
(b) If G1 is empty, P3 and P4 belong to F (except for some obvious cases), and P1 or P2 have to be also in F , because, in the
opposite, both non-distinguished cells could be separated and we would have an outerplanar embedding of G. So, we
can proceed as in the previous subcase and obtain an outer-T1 embedding of G, which is 3-outerplanar, according to
Theorem 5.
4. P1, P2 ∉ G, P3, P4 ∈ G. We can suppose that P3 and P4 are both vertices of G. There cannot be any non-outerplanar
subgraphs in both non-distinguished cells. So, in one of the non-distinguished cells (let us take, for instance, the one
containing P4) the subgraph is reduced to P4, and the other one is a 2-outerplanar subgraph, which is still 2-outerplanar
(and, consequently, 3-outerplanar) when adding the edge P3P4.
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5. P1, P3, P4 ∈ G, P2 ∉ G (or P2, P3, P4 ∈ G, P1 ∉ G). In the distinguished cell there are not vertices out of P3 and P4; should
there be some, splitting up P2 would produce an outer-B3 embedding of G, so Gwould be 2-outerplanar according to [6,
Theorem 3.1], and thus Gwould be 3-outerplanar.
Moreover, the subgraph of G embedded in one of the non-distinguished cells (for example, the one of P4) is outerplanar,
whereas the drawn in the other non-distinguished cell (the one of P3) is 2-outerplanar. By partially contracting edges
of G (if necessary), besides, it can be supposed that P1 and P3 are vertices of G. The subgraph H embedded now in the
non-distinguished cell of P3 is, according to this, (V (H) \ {P1})-outerplanar. By applying Lemma 17, we can give a 2-
outerplanar embedding of the subgraph H with P1 and P3 in one same face. Such a face can be used to embed the rest of
G and to give a planar embedding of G having all its vertices in three faces.
6. P1 ∈ G, P2, P3, P4 ∉ G (or P2 ∈ G, P1, P3, P4 ∉ G). We deal with two disjoint cases:
(a) If there are vertices in the distinguished cell, they are a 2-outerplanar subgraph. So, G is the disjoint union of that
2-outerplanar component with an outer-B2 graph. According to Lemma 1, G is 3-outerplanar.
(b) If there are no vertices in the distinguished cell, we can suppose that P3, P4 ∈ F (in the opposite, the distinguished
cell could be suppressed and we would have an outer-B2 embedding of G). In this point, it is convenient to study the
two possibilities separately:
i. If P2 ∉ F , P2 can be ‘‘duplicated’’ to obtain an outer-B3 embedding of G.
ii. If P2 ∈ F , then there exists necessarily an arc inside of F and in a non-distinguished cell from P2 to P3 (or P4). By
contracting such an arc, it is proved that G is outer-T1, and thus 3-outerplanar.
Summarizing, G is 3-outerplanar in all the analyzed cases of outer-T3 embeddings. When P1, P2 ∈ G and P3, P4 ∉ G,G
could be non-3-outerplanar. 
Examples 10 and 16 previously given help us to understand that there is no inclusion relation between the set of outer-T2
graphs and the one of outer-T3:
Proposition 19. Not all the outer-T2 graphs are outer-T3, and conversely.
Proof. First of all, let us show that Example 10 graph, which is outer-T2, is not outer-T3. As the graph is not 3-outerplanar,
according to Proposition 18, an outer-T3 embedding of this graph has to contain P1 and P2, and neither P3 nor P4. If there
is no more than one edge in one of the non-distinguished cells, the rest of the graph would be outerplanar, but it does not
occur in this case for any edge of the graph. On the contrary, it can be considered that P1 and P2 are a pair of cutpoints of the
graph, but none of the 11 pairs of the existing cutpoints determines two outerplanar 2-connected components.
Let us study now an outer-T3 graph, the one in Example 16, which is not outer-T2. It is also a non-3-outerplanar graph. In
virtue of Theorem 14, we have to check if this graph can be 2-outerplanar when removing an edge. In such a case, it is easy
to realize that this is not possible. 
3. Conclusion
Throughout the paper, we have considered an analogue of outerplanar embeddings in some pseudosurfaces, all arising
from three spheres. We think this paper helps understand the complexity of the problem stated in [7]. We proceeded
with the study of only three new pseudosurfaces, but contrary to intuition, graphs in these pseudosurfaces constituted
by spheres behave in a substantially different way from the observed in previously mentioned pseudosurfaces. Moreover,
the achievement of results and their proofs are more complicated in these cases, as we have shown.
Our first goal was to find minimal graphs without a given hereditary property. Despite of the fact that the outer-Ti
graphs, with i ∈ {1, 2, 3}, have not been completely characterized, we think that the obtained results and the indicated
counterexamples are sufficient to infer some interesting properties of outer embeddings in other pseudosurfaces constituted
by spheres.
Outer embeddings in analyzed pseudosurfaces (Ti) complete the known results for B2 and L3 [6,12], which are interesting
pseudosurfaces because of their meaning in circuits, especially when narrowing occurs.
Obviously, one may ask whether these properties are still true if unions of spheres by three or more points are allowed.
This is future work to be considered.
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